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1. Introduction

In [10] , Leerawat and Prabpayak introduced
congruences and ideals in algebras of type
BCC [1,6], also studied and introduced a new
algebraic structure which is denoted by
algebra of type KU or KU-algebra, also
investigated some related properties. Jawad
and AL-Shaher [7] studied new types of
ideals of KU-algebras, and also stated the
relationship between them. Zadeh [13]
introduced the notion of fuzzy sets. Dudek et
al studied fuzzy ideals, also several fuzzy
structures in BCC-algebras are considered

2. Basic Concepts and Notations
In this section, we introduce definitions in
KU-g , B.D KU-involutory , complete ideal ,

Definition (2.1)[10,11]

Algebra (Y,0,0) with type (2,0)is called
KU-algebra and we will denote by KU-g , if it
hold the axioms:

(1) (ros)o((sot)o(rot))=
constant 0, Vr,5,t€Y

(2) ro0=constant 0

(3) constantQor =1

(4) ros=constant0 and sor =
constant 0 implies t =5

Theorem (2.2)[8]

In any KU-g Y, then the following hold:
Vi,z,t€eEY

(D) r<szimply zot S rot

Definition (2.3)[12]

If an element "e" of a KU-g Y hold r<Se
for all r €Y, then the element "e" is said to
be a unit in Y. A KU-g with unit is denoted
by the bounded ( or by B.D )

Lemma (2.4)[7]

Proposition (2.5)[7]

In any B.D KU-g Y, the following are hold:
Forany k,s €Y,
(1) k”° sk

159

[2,3,4]. Moreover, Mostafa et al [8] studied
the notion of fuzzy KU-ideals of KU-algebras
and then they investigated several basic
properties which are related to fuzzy KU-
ideals. Mostafa and Kareem [9] introduced
fuzzy n-fold KU-ideals of KU-algebras and
obtained some related results. The aim of this
paper is to introduce fuzzy complete ideal,
fuzzy

E-ideal, fuzzy complete E-ideal in KU-
algebras, also some of the basic properties are
investigated.

E-ideal , complete E-ideal , fuzzy KU-ideal,
fuzzy KU-subalgebra, fuzzy ideal, and some
of their properties.

(5) ror=constant 0

And in Y define a binary relation <
rSs iff sor=constant 0, for
1,5 €Y.

Thus a KU-g Y hold the conditions :
(1) ser St

(2) constant0 <t

(B) r<s,s5t impliesr=s

(4) (sot)o(roet) < (ros)

by :
all

(2) (((zor)or)or)=z<>r,

(3) ((zor)er) s 2
(4) to(zot)=2zo(rot)

In B.D KU-g Y, wedenote roe by t° for
any reY.

It is easy to
e’ =constant 0 , 0° =e.

see that

The unit of B.D KU-g is a unique.

(2) kos® = sok°

(3) k?os® S 50k,

(4) If s < k implies k° < ¢°
(5) e Sk
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Definition (2.6)[11] Let A be a nonempty
subset of a KU-g Y. Then A is said to be a

Definition (2.7)[10,11]
Let A be a nonempty subset from a KU-
g Y. Then A issaidto be an ideal from Y, if

Proposition (2.8)[10] Every ideal in KU-g
is KU-subalgebra.

Definition (2.9)[8]

Let A be a nonempty subset from a KU-g
Y. Then A is said to be a KU-ideal from Y,
if

Definition (2.10)[7]

Let A be a non-empty subset in KU-g Y is
denoted be complete ideal ( briefly, c-ideal ),
if

Definition (2.11)[7]
Let Ybe B.D KU-g. An element reY
satisfies > =1, then r is called an

Definition (2.12)[7]
Let A be a non-empty subset in B.D KU-g
Y is called E-ideal if, forallr € Y

Definition (2.13)[7]

Let A be a non-empty subset in B.D KU-g
Y is denoted be complete E-ideal ( briefly, c-
E-ideal ), if

Proposition (2.14)[7]

Proposition (2.15)[7]

Definition (2.16)[13]

Let Y be setand let ¢ be a fuzzy set ( or
fuz. set ) in Y is define the mapping ¢ :
Y —[0,1].

Definition (2.17)[5]

If ¢ and p aretwo fuz. setsinY. Then
(1) (¢ np)(r)=min{e(x), p(r)},
forall reY.

(2) (o U p)(r)=max{e(r), p(r)},
forall reY
@ N p and ¢ U p arefuz.setsof Y.

KU-subalgebra of Y, if ros € A, whenever
1,5 € A.

(1) constant 0 € A
2)VyseY, if soreA and s€eA
imply r € A.

(1) constant 0 € A
(2) Vri,5teY, ifro(sot)eEA and
SEA Iimply rot € A.

(1) constant 0 € A
(2) sok€A, VseEA s.t =
constant 0 implies k € A.

involution. If every element r€Y is an
involution, we call Y is a KU- involutory
algebra.

(1) constant 0 € A
(2) tok’€A and k € A implies r° € A .

(1) constant 0 € A
(2) ros" €A, for all se A  such that
s # constant 0 implies Y € A, Vr €Y.

Every c-ideal of B.D KU-g is c-E-ideal .

If A be c-E-ideal in KU-involutory algebra
Y, then A isc-ideal .

If ¢ and p be two fuz. subsets in Y, then
pSp © p(r)< p(r), forallreyY.

In general , if {¢,:a € A} is family of fuz.
setsof Y , then

Neer Pa(r) = inf{(pa(r),oce/l}, for all
r€Y and

Uger @a(r) = sup { @o(r),a € 1}, for all
rteY
Which are also fuz. setsin Y.
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Definition (2.18)[8]

Let Y be KU-g. ¢ be afuz. setinY is
denoted be a fuz. KU-subalgebra in Y if it
hold, Vk,s €Y:

Definition (2.19)[8]

Let Y be KU-g. A fuz. set ¢ of Y is
called fuz. KU-ideal in Y if ithold, V k,s,t €
Y:

(1) ¢ (constant0) = ¢ (k)

Lemma (2.20)[8] Let ¢ be fuz. KU-ideal
min{¢ (r), ¢ (1)}

Definition (2.21)[8]
Let ¢ be fuz. set of a KU-g Y is called fuz.
idealof Yif, Vr,s €Y

Lemma (2.22)[9]
Let ¢ be fuz. subset in KU-g Y . Then

(1) = (2) if:

Lemma (2.23)[9]

Every fuz. KU-ideal in KU-g Y is fuz. KU-
subalgebra .
Remark (2.24)[9] The converse of lemma
(2.23) is not true as shown in the example .

inKU-g Y, if ros St

(1) ¢ (constant0) = ¢ (k)
(2) ¢ (kos) = min{o(k), ¢ (s)}

(2) p(kot)
> min{ ¢ (k

o(s01)), @ (s)}

is hold, then ¢ (s) >

(1) ¢ (constant0) = ¢ ()
(2) ¢(xr) =2 min{o (sor), ¢(s)}

(1) ¢ isfuz. ideal
(2) ¢ isfuz. KU-ideal

Example (2.25)[9]
Consider Y = {0,1,2,3,4} be set as shown in
the table:

OO |00 IO

BIWIN (O]

OO R |IO|IFk[k

OO |C|OIN(IN

SO WIWIWwW|
IS NG RNQ VS

0

Then (Y,o, constant 0) is a KU-g .

Define the fuz. set ¢ : Y — [0,1] by:
(1 if t=0,23

q”(r)‘{o.s if =14

Notice that ¢ is fuz. KU-subalgebrainY .

Proposition (2.26)

Let ¢ be fuz. KU-subalgebra in a KU-g Y,
if kos < t and the inequality
¢ (s) = min{o (k), ¢ (1)} hold,
Vk,s,t€Y.Then ¢ isfuz. KU-ideal of Y.
Proof:
Let ¢ beafuz. KU-subalgebraof Y.

But ¢ isnot fuz. KU-ideal in Y, since
@ (001)=0.5
2 min{ ¢ (0
°(301)), p(3)}=1

Now, by using Definition (2.18) we get
@ (constant0) = ¢ (k), VKEY.

Let k,s €Y, from Theorem (2.2)(3) we have
(sok)ok < s, then

@ (k) =2min{ 9(s), p(s°k)} (By
the condition above ).

So ¢ isfuz. ideal of Y, this mean ¢ is fuz.
KU-ideal of Y.
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3. The Main Results
We provide definitions in this section : fuz.
complete ideal , fuz. E-ideal , fuz. complete

Definition (3.1)

Let A be a c-ideal in B.D KU-g Y. Then the
fuz. subset ¢, :Y — [0,1] is called fuz.
complete ideal ( briefly, fuz. c-ideal ) if
,VreY and s € A

Example (3.2)

E-ideal and study its relationships with fuz.
ideal in B.D KU-g .

(1) @4 (constant0) = ¢, (1)
(2) @a(r) =2 min{ @4 (s
°r), 9q(s)}

Consider the following KU-g Y, [8] with the following table:

QIO | O |

OIN|IO|IN[NIN

O [ [

SC|W|WwWw wlw

0 0
0 | 0
1 0
2 0
3 0
4 10
Notice that Y is B.D with unit 4.
A subset A = {0,1,2} is c-ideal of Y.
0.4 if t=0,1,4
P (1) ={0.3 if t=23
Then ¢ isfuz. c-ideal in'Y.

. 03 if t=0,123
While pﬂ(r)z{o_z if t=4
is not fuz. c-ideal in Y, since
Proposition (3. 3)

Every fuz. ideal in B.D KU-g is a fuz. c-
ideal .
Proof :

Let A be ac-ideal , ¢4 be fuz. ideal of B.D
KU-g Y, then by Definition (2.21) we have :
Vks€Y

(1) @4 (constant0) = @4 (k)

Remark (3.4)
The conversely of the prop. (3.3) is false as
in the next example.

Example (3.5)

In example (3.2) , ¢4 is fuz. c-ideal in Y (
when A = {0,1,2}), but it ’s not fuz. ideal ,
since
9a(2)=03 & min{e,(402),
$a(4)} = 04

162

If @, isfuz. set defined as :

pa(4) =02
2 min{p, (2
24), pa(2)}=03

(2) 9a (k) =2 min{ o, (s

°ok), pa(s)}
Since ACY , then pq(k)>
min{ o, (sok), o (s)}, for every s€
A

Thus ¢, is fuz. c-ideal of Y .

Corollary (3.6)

Let A be c-ideal in KU-involutory algebra
Y. A fuz. subset ¢, is fuz. c-ideal if and
only if satisfies
, VkeY and Vs e A
(1) @4 (constant0) = @4 (k)

(2) ¢ (k)
> min{ @, (s
ok ), ¢a(s)}
Proof:

By Definition (3.1) and Definition (2.11).
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Proposition (3.7)

Let A be c-ideal in B.D KU-g Y and
{ @4, : 1 € A} be family of fuz. c-ideals , then
Niea @.a; 1s fuz. c-ideal
Proof :

Let teY, s €A, then

(1) @4, (constant 0) = @4, (r)

inf { @4; (constant 0) } =

inf { @4, (r)}. So
Niea Pu; (constant 0) = Niep Puq; (1)

Remark (3.8) In B.D KU-g. Notice that
union of two fuz. c-ideals does not necessary
Example (3.9)

(2) ¢pq;(x) 2
1‘), (pc/li(s)}' Vs€EA
Thus , inf { o4, (v)} =
inf {min{ @4, (5°1), @uq;(5)}}

min{ @.q; (s 0

> min{inf{wcﬂi(s

or)}, inf {@q; (s)}}
So Niea @a; (t) = min{ Niep puq; (50
1‘), niEA(pc/li(s)}' Vs€A
Then Niep @4, is fuz. c-ideal of Y .

fuz. c-ideal and the following example shows
that .

Consider Y = {0,q,w, h, v, t} and a binary operation o is defined by :

=+ QTSRO
olo|lo|lo|lolola
oclo|lok ok

o|lo|lo|olT (T (S

Then (Y,o,constant 0) is a B.D KU-g with
unit v [7]. A subset A = {0,q,w,t} is c-

ideal of Y. Define fuz. sets ¢4 and p4
from Y into [0,1] by :

0.6 if t=0,whv
<Pc/z(f)={0_3 4 if r=qt and
_ (0.7 if t=0,qhv

pﬂ(r)_{o.s if t=w,t

Then ¢4 and p, are fuz. c-ideals .

Definition (3.10)

A fuz. subset ¢ in B.D KU-g Y is called
fuz. E-ideal, if
(1) ¢ (constant0) = ¢ (k)

163

h v t

h v t

h v w

h v q

0 v 0

0 0 0

h v 0

But

(@a VU pg)(r)=

0.7 if t=0,q,hv
0.6 if t=w
0.5 if t=t

is not fuz. c-ideal , since
(PaV pg)(t) =05

£ min{ (¢4 YV pg)(w
°ot), (pa VU pg)(w)}
= 0.6

(2) o (k*) =2 min{o (kos®),

p(s)}, forallk,seyY

Note that every fuz. constant in B.D KU-g Y

is fuz. E-ideal.
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Example (3.11)

Consider Y = {0, q, d, h, v} in which the operation ¢ is given by the table:

o 0 q d h | v
0 0 q d h | v
q 0 0|l d| h | h
d 0 q 0 h | v
h | O 0 0 0 q
v | 0 0 0 0 0

Then (Y,o,constant 0) is a B.D KU-g with

unit v [7].
If ¢ and p are two fuz. sets defined as :
_ (08  if r=0,q,hv
"’(”)_{0.6 if t=d !
(0.9 if t=0,d,hv
p(r)—{0_7 if t=gq

Then ¢ isfuz. E-ideal inY .

Proposition (3.12)

Every fuz. ideal in B.D KU-g is fuz. E-ideal
Proof :
Let ¢ be fuz. ideal in B.D KU-g Y, then by
Definition (2.21), we have :
(1) ¢ (constant0) = ¢ (k)

Remark (3.13)

While p is not fuz. E-ideal , since
p(h°)=07 2 min{p(hov®),
p(v)}=09

(2) For allk,seY, o (k)= min{e (so

k), ¢ (s)}.

Then ¢ (k°) = min{o (sok®), o(s)}
= min{g (keos’), ¢ (s)},

forall k,s € Y ( By Prop. (2.5) (2)).

Thus ¢ is fuz. E-ideal of Y .

The converse of prop. (3.12) does not hold as in the example .

Example (3.14)
In example (3.11) , ¢ is fuz. E-ideal of Y,
but it’s not fuz. ideal in Y, since

Proposition (3.15)

Every fuz. E-ideal in KU-involutory algebra Y is
fuz. ideal .
Proof :
If ¢ beafuz. E-ideal in Y, by Definition (3.10) ,
we have :
(1) ¢ (constant0) = ¢ (1)

Proposition (3.16)
If ¢ beafuz. E-ideal ofaB.D KU-g Y, then
(D keY, o(k’) =2 ¢ (e)
(2) keY, (k) =2 ¢ (k)
Proof :
(1) Since ¢ is fuz. E-ideal , then
@ (k*) =z min{fo(koe"), p(e)}
= min{ o (k
oconstant0), ¢ (e)}

¢ (d) =06 & min{o(hed), ¢(h)}
=0.8

(2) @ (x)equel top () = min{e (r°0

s°), ¢ (s)}

= min{ ¢ (s°
), ¢ (s)} (ByProp. (2.5)(2))

= min{¢p (so1),
¢ (s)}, forally,s €Y
( Since Y isa KU-involutory algebra ) .
Thus ¢ isafuz. ideal of Y.
(3) For any k,seY, if
p(k°) =z ¢(s).

k®° < s, then

= min{ ¢ (constant0), ¢ (e)}
=¢@p(e), VKkEY
(2) Since ¢ isfuz. E-ideal ,thenforall k € Y
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@ (k)=min{ ¢ (constant0), ¢ (k)} o (k°) =2 min{op(kos*), p(s)}, for
=min{ ¢ (k° any k,s €Y (since ¢ isfuz. E-ideal )
°k®), ¢ (k)} < ¢ (k) = min{p (sok®), ¢ (s)} (By

3) If k°sS s ie sok®°=constantO0, Prop. (2.5) (2))

then = min{ ¢ (constant 0),

p(s)} = @(s).

Proposition (3.17) inf{o, ()}

Let { ¢, : a € A} be family of fuz. E-ideals > inf {min{ ¢, (r

in B.D KU-g Y, then Ngea @ Is fuz. E- 05°), 0, (5)}}

ideal of Y .

Proof : > min{inf { @, (r

(1) since ¢, (constant0) = ¢, (1), 0s°)}, inf{pa(s)}}

Va€eA, VreY, then So Naea Pa(t’) = min{ Ngep @ (ro

inf { o (constant 0)} > inf { @, (1) }. 5°), Naea P (5) )

SO0 Ngen @o (constant 0) = Nyep @q () Hence Ngea @, 1S fuz. E-ideal of Y .

(2) let rseY, since @ (r) =
min{ 9o (tos’), ¢q ()}, then

Remark (3.18)
Note that the union of two fuz. E-ideals does not necessarily fuz. E-ideal as in the following
example .

Example (3.19) 0.8 if t=03
In example (3.2), notice that : But (puUp)(r) =1 0.7 if t=12
(p(r):{O-S ifr=03 0.4 if t=4
(())73 if v= 1(321’42 ’ is not fuz. E-ideal , since
() ={0% ‘fi;;='3'4 (pup)(1°) = 04
fuz. E-ideals of Y ' = min{(¢Up) (1
are tuz. ' 02°),(puUp)(2)}
=0.7
Definition (3.20) (1) VkeY, o4 (constant 0)
Let A be c-E-ideal in B.D KU-g Y. The > @, (k)
fuz. subset ¢, :Y — [0,1] is called fuz. Q) VseA, o (k%)
complete E-ideal ~ ( briefly, fuz. c-E-ideal ) > min{ @4 (k
i, 05"), 9q(5)}.

Then ¢, is fuz. c-E-ideal in Y. While p4 is
not fuz. c-E-ideal in Y, since
pna (0°) =05

2 min{p, (0

°q°), pa(q)} =08

Example (3.21)

In example (3.11) , a subset A = {0,q,d}
is c-E-ideal inY .
Let ¢, and p, are fuz. sets defined as the

following :
(09 if t=0,d,h
P (1) _{0.6 if t=q,v
0.8 if t=0,qh
and - py (1) :{0.5 fif r=d,v

165
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Proposition (3.22)

Every fuz. E-ideal in B.D KU-g is fuz. c-E-
ideal .
Proof :
Let A bec-E-ideal in B.D KU-g Y and ¢4
be fuz. E-ideal of Y , then by Definition (3.10)
, we have :

Remark (3.23)
The converse of prop. (3.22) be not true and
the example shows that.

Example (3.24)
In example (3.21) , ¢4 is fuz. c-E-ideal in
Y, but it’s not fuz. E-ideal , since

Proposition (3.26)

Every fuz. c-ideal of B.D KU-g is a fuz. c-
E-ideal .
Proof :
Let ¢4 be fuz. c-ideal in B.D KU-g Y & A
IS c-ideal of Y.
Then A is c-E-ideal of Y ( By Prop. (2.14) ).
Since ¢, is fuz. c-ideal of Y, from
Definition (3.1) , we have :

Remark (3.27)
In general , not every fuz. c-E-ideal is fuz. c-
ideal and the following example shows that.

(1) @4 (constant0) = ¢4 (k)

(2) 9 (k°) =2 min{p, (kos'),
0,q(s)}, forallk,sey.

Since ACY, then (k') =
min{ @4 (kos’), a(s)}, Vs€A
Thus ¢ isfuz. c-E-ideal inY .

9 (h)=0.6 2 min{ ¢4 (hoh®),
®a(h)}=09

Corollary (3.25)
Every fuz. ideal in B.D KU-g is fuz. c-E-
ideal .
Proof :
By Proposition (3.12) and Proposition (3.22) .

(1) ¢4 (constant0) = @, (r), Vr€EY
(2) VseA, ¢q(r) =2 min{o,(sor),

()}
Thus

) }

= min{ ¢4 (5), pa(ro
$°), }, forevery s € A
So ¢ isfuz. c-E-ideal of Y .

Pa (1°) =2 min{ @, (s), ga(se

Example (3.28)
Consider Y = {0,q,d, h, v} be set as shown
in the following table:

oo |0 |0 (OO

QISR (O]

oo

O 0|0 Q[

oo (&S |s

oK III”IS

Then (Y,o,constant 0) is a B.D KU-g with
unit v [7].
A subset A ={0,q,h} is c-E-ideal and c-
ideal ( in the same time ) of a B.D KU-g Y.
Define the fuz. set ¢4 : Y — [0,1] by :
0.8 if t=0,q,d,v
"’cﬂ(r):{o.z if t=h

166

Then ¢ is afuz. c-E-ideal of Y.
But ¢ isnot fuz. c-ideal , since
9 (h) = 0.2
2 min{ g, (q
°h), 9.(q)} = 08
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Proposition (3.29)

Every fuz. c-E-ideal in a KU-involutory
algebra Y is fuz. c-ideal .
Proof :
Let ¢4 be fuz. c-E-ideal inY and A is c-E-
ideal of Y.
Then A is c-ideal of Y ( By Prop. (2.15) ) .
Since ¢, is fuz. c-E-ideal of Y, by
Definition (3.20) , we have :
(1) vreY, ¢4 (constant0)

> @, (1)

167

Q) VsEA, pq(r) = @q(r™)

> min{ ¢4 (1°

°5"), 94(s)}
min{ g4 (s°1™), 94 (s)} ( By Prop.
(2.5)(2))

min{ g4 (s01), Pq(s)}
(Since Y is KU-involutory algebra ) .
Thus ¢ is fuz. c-ideal of Y.
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