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We present the triple simple elliptic absolute Orlicz function in this paper, which is determined by
triple sequence spaces with fuzzy metrics. We also discuss some of its properties, such as that the
space (£.,)3(0) is symmetric, solid and complete .

1. INTRODUCTION

L.A. Zadeh introduced fuzzy set theory in 1965, and
a number of scholars have since adopted it, including
Yu-ru [10], Tripathy and Baruah [1], Tripathy and
Borgohain [3], Tripathy and Dutta [4], Tripathy and
Sarma [7], [8], [9], and many more.

Kramosil and Michalek [6] created the fuzzy metric
space by extending the idea of the probabilistic metric
space to the fuzzy scene.

The space (£.,)3(©) produced by the basic elliptic
absolute Orlicz function with fuzzy metric is defined
and introduced in this study.

9 :[0,0) - [0, ) is called an Orlicz function; it is
a continuous, non-decreasing and convex function with

9(0) =0,9(A) > 0asA > 0 and 9(A) — oo.

2. DEFINITIONS AND PRELIMINARIES

A simple elliptic absolute Orlicz function is a
function M : [0, 0) — [0, ) 3 M(2) = —|UA|29(N),
where 9 is an Orlicz function.

A triple simple elliptic absolute Orlicz function is a
function © : [0, ) X [0, 00) X [0,0) — [0, ) X
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[0,0) X [0,0) 3 O(Y, S, R) =
(0,(2), 0,(6), 05(R)), where 0; : [0, 0)—>[0, ) 3
01 (W) = —[A*9,(A) , 0, : [0,00)>[0,00) 3 0,(6) =
—18]?9;(&), 05 : [0,00)—>[0,0) 3 O;(R) =
—|R|%95(R) . These functions are even, convex,
continuous and non-decreasing , that hold the following
conditions :
i)®,(0) =0,0,(0) =0,0;(0) = 0 = 0(0,0,0)

= (0,(0),0,(0),05(0)) = (0,0,0).
if)0,(A) > 0,0,(6) >0,0;(R) > 0=
(A, S, R) = (0,(W), 0,(6),05(R)) > (0,0,0), for
A> 0,6 >0,R > 0bywhichwesay (U,S,R) >
(0,0,0) as 0, (A) > 0,0,(S) > 0,0;(R) > 0.
ifii)®, (A) - 0,0,(S) = 0,0;(R) > v as A -
0,5 > 0,R > 0= 0A,5,R) =
(91 (QI), 92 (G), 93 (m)) d (OO’ o, OO) as (Q’[ ) 6 ) 93‘) -
(00, 0, 00) by which we say (%, & ,R) -
(00,00,00) as O (A) - 0, 0,(S) - ©,03(R) > o .

(g0 Wep;) € E* when (Upy,;) € EX for every
sequence of scalars with |x,s,| < 1,V ¢, £,7 € N
implies that triple sequence space E2 is solid .

(Wncerj) € E* when (Aypy;) € E* leads to E is
symmetric and t is a permutation of N X N X N .
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T:R(I) xR - R3T(H,6)=
sup T (9%, 6%),7 : RXxR > R 3T (H%6™) =
0<x<1
min{|H1 — 61,197 — 65|} and S : R(I) x R(I) -
R3S5(H 6) = sup §.(H%6%), S :RXR—>

o<x<1

R 3 8.(9", 6) = max {|H1 — 67, |97 — O3}

A Fuzzy metric space is the quadruple
(R(D), dy, T,S), and d is a fuzzy metric if :
i) dp(€C,€) =0 € =C,VEC e RD.
ii) dp(G, €) = dp(C, €),V G, € € R(D).
iif) v €, €, 6 € R(I),
a) dg(€,C)(Q+ D) >
T(d(€, 6)(Q), dp(6, ) (D)), whenever
Q<7(E6),D=< 7(6,C) and Q + O < 71(€, ©).
b) 4z(€,)(Q+ D) <
T(d(€, 6)(Q), dp(®, €)(D)), whenever
Q>7(€6),0 > 71(6,€) and Q + O > 7, (€, ©).

('goo)%(@) = {%abc = ((xl)abc ’ (%Z)abc ’ (}:3)abc )€
3. T ((%1)abe ,0) T ((%2)apc ,0)
W]F * SUPqpc [Gl ( o ) Y0, ( o ) A
T ((%3)apbc 0)

0, (M) <

p —
(o0, 0, ) and sup g, [@1 (W) y

0, (5((%2?5: 15)) Y 0, (5((%3?5: 15))] <

(o0, 00, ), for some p > 0} , Wwhere © = (0,,0,,05).
3. MAIN RESULTS

Theorem 3.1:
(£5)3(0) is metric space under the metric :

A, ®)o = inf{(p,p,p) > (0,0,0) :
Sup,. |© T (@n)abe (C1dape )Y 0 T((2ave (G2)abe )
0, (G;C((L;ub(c.(eﬁabc g))] < ) 2 ( P )

p
(1’1’1) and Supabc [91 (5((m1)abc‘(61)abc )) Y

0, (5((m2)abcpn(62)ubc )) Y 0, (5((‘212)@(,((53)@( ))] <

p
(151I1)}l v Q'I = (?Ill 2IZI 213) ) 6 = (61’ 62’ 63) €
(£e)i (0) .
Proof

VUA,G E (£)3(0), we get,

i) If (A, S)g = 0.

This implies that

T((ml)abc ’ (Gl)abc) =0 :T((mz)abc ’ (62)abc) =
0 ’T((%S)abc ’ (63)abc) = 01

and

5((9’[1)(11)( ’ (61)(1[)() =0 15((9I2)abc ’ (62)abc) =
0’5((913)abc ’ (63)abc) = 0!

('since ©,(0) = 0,0,(0) = 0,05(0) = 0).

This indicate that , for all x € (0,1] ,
T((%l)abc ’ (el)abc) = OsungK((ul)ﬁac , (61)abc)
<X

0= T (U gpe » (G1)gpe) = 0,V x € (0,1],
and

= min {|(A)gper — (Saber b |1 goez —
(©)%al} = 0 e (1)

and

T (A ape » (S2)qp) = sup T ((le)abc ’ (Gz)abc) =

0<x<1

0= T ((mz)abc ’ (Gz)abc) - 0 forall x € (0 1]
= min {|(Y)gpr — (S2)gber b 1 (A2 gz —
(€)%} =0, (2)

and

:T((QIS)abC ’ (63)abc) = Ssup T ((913)abc ’ (63)abc)

0<Xx<1
0= T ((QIS)abc ’ (63)abc) =0, forall x € (0 1]
= min {|(Us)gper — (S3)aver b |Wsdabez — (S3)gpez |}
=0,vxe(0,1]...... 3)
Similarly, for all x € (0,1],
S(( U abe » (S1)ape) = sup S, ((%1)@( , (61)abc)

0<X<1
0= 8, (U, (G)x) =0, forall x € (0,1]
and
= max {|(U)eper — (S aper I (A1) gpez —
(61);(bc2|} =0.... (4)

and
S((A)ape » (S2)ape) = sup S ((Q[z)abc , (Gz)abc)

0<X<1
0= S (U (6)%) =0, forall x € (0,1]
= max {|(U)aper — (2 qper b [ (A2 ghe2 —
(GDepe2l} =0.......(5)
and

S((QI3)abc ) (63)abc) = Ssup S ((QIB)abc ’ (GB)abc)

0<X<1

0 = S ((Q[3)abc ) (63)abc) - 0 ViXeE (0 1]
= max {|(Uz)epcr = (S3)gper b | (W) gpez —
(63)m21} =0, forall x e (0,1] ... ... (6)

Based on (1), (2), (3), (4), (5), (6) , this indicates that ,
(Q[l)abc = (Gl)abc , (mz)abc = (Gz)abc , (m3)abc =
(G3)pe = U=G,Va,b,ceEN.
Conversely & = S.
Then, using T's, 8's definitions , we obtain
Tx((mﬂfbc ’ (61)z<bc) =0, Tx((QIZ):bc , (Gz)sbc) =
O; TD(((QIB)CD&)C ) (63)?1([)() = O;
and

SK((?’Il)z(bc 1] (61)2(1)(;) = O, SD(((QIZ)E&)C ) (GZ)E.fbc) =
0, S (U3)one» (B3)asc) =0,V a,b,c € N, forall x €
(0,1].
This means that,

Sup TD(((?Il)g:bc ’ (61)z<bc) =

0<xx1

0, sup T ((le)abc :(Gz)abc)

0<xx1

0: SUP TK((Q’IS)abc ) (63)(11)() = 0

0<x<1
and
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sup 5»<((911)Z%c ’ (el)zbc =

0<x<1

0, sup § ((912):5(, (Gz)éﬁ,c) =

0<x<1

0 sup $ ((QIS)abc' (63)0.5() - 0 Va, b ceEN.

0<x<1

Therefore T((Ap)ase » (S1)ape ) =

0 ’C:ir((%z)ahc ’ (ez)abc ) = O'T((Q’[3)abc ’ (63)abc ) =0
an

S((ml)abc ) (Gl)abc ) =0, S((uz)abc ’ (ez)abc ) =
0’5((m3)ahc ’ (GS)ahc ) =0 _

Using @'s continuity, we determine that 4(U,S)g =0 .

it) (A, )o = inf{(p,p,p) > (0,0,0) :
sup @ T((ml)ubc ’(61)abc ) Y @ T((mz)ubc‘(ez)abc ) Y
@3 (a;c(([)l;ab(cz(es)abc S))] < ) 2 ( ’ )

P
(1'1’1) and Supabc [91 (5((911)ubc‘;(61)abc )) Y
5((912)abc r(GZ)abc ) 5((913)(11)( v(63)abc )
2\ T2/abe A P2 abe 21\ 737abc . =37abe /) | <«

(1,1,1)}.
Using T's definition, we have,
T((%i)abc ) (Gi)abc) = Ssup T ((Qll)abc (61)abc)

0<X<1

sup (min {l(%l)abclﬂ(el)abcil |(911)abc2:(61)abc2|}) =

0<x<1

sup (mln {l(el)ubcl' (ml)ubcll |(61)abc2' (Q'Il)abczl}) -

0<x<1

sup T ((61)abc 4 (Q’Il)abc) - T((el)abc ’ (%Il)abc )

0<x<x1
and

T (A apc » (S2)qpe ) = sup T ((mz)abc: (Gz)abc) =

0<xx1

0<Xx<1 0<x<x1

S((%Z)abc'(ez)abc) = Ssup S ((Q’[Z)abc (62)abc) -

0<x<1

sup (m1n {l(mz)abcli (ez)abcll |(912)abc2: (62)abc2|}) =

0<x<1

sup (m1n {l(ez)abcli(mz)abcll |(62)abc2: (Q‘[Z)abczl})

0<x=<1

Oiiglg ((Gz)abc ’ (%Z)abc S((gz)abc (Q’IZ)abc )
and
S((%3)abc ) (63)abc) = Ssup S ((%[3)abc (63)abc) -

0<x<x1

sup (m1n {l(mS)abcli (ez)abcll |(QI3)abc2: (63)abc2|}) =

0<x<1

il:(p (m1n {|(63)abc1: (mS)abcll |(63)abc2: (Q‘[S)abcz |})
Oiiglg ((63)abc ) (%3)abc S((63)abc (9’[3)abc )
Therefore S ((%y)ase » (S1)aoc ) =
c5((651)(1& ) (Q[l)abc )' S((Q[Z)abc ) (Gz)abc ) =

S((Gz)abc ’ (Q‘[Z)abc )x S((Q‘[S)abc ’ (63)abc ) =

c5((651)(1& ) (Q[l)abc ) .
Thus, we conclude

d(U,S)e
= inf{(p, p,p) > (0,0,0)

. [ <T((Q[1)abc ) (61)abc ))
* SUPgp, @1

p
v @2 (T((mz)abc ’ (ez)abc ))

p
v @3 (T((m3)abc i (GS)abc ))]
p

S((le)abc ) (Gz)abc )

1 1 [ gs((ml)abc ) (61)ubc ))
) an
sup (min {|(A)g5e1, (S2)qpe1 [ (2D gbezs (S2)gpc21}) sup (min {l(%Z)abcll(QIZ)abcl (éz w2 (W) Pe21P) =
Y 0

sup T ((gz)abc 4 (Q’Iz)abc) - T((ez)abc ) (mz)abc )

0<x<1

and
T((%3)abc ) (63)abc ) = Ssup TD(((QI3)CD|<bc ’ (63)2(&) =

0<x<1

sup (min {|(QI3);<1;¢1, (Gz)shcﬂ; |(913)Z<bc2' (Gs)zimzl}) =

0<x<1

sup (min {[(S3)qpe1, (A3 gver h [(S3)qve2r A3 gpez|}) =

0<x<x1

sup T ((63)abc 4 (Q’[3)abc) - T((63)abc ) (%[3)abc )

0<x<1

Therefore T((Qll)abc ) (Gl)abc ) =

T((ei)ahc ’ (ml)ahc )’ T((mz)ahc , (Gz)abc ) =
T((ez)abc ’ (mz)abc ): T((m3)abc ’ (63)abc ) =
T((el)abc ’ (ml)abc ) .

By proceeding in the same manner, we obtain,

5((9’[1)(1& ’ (61)(1[)( ) = sup SK((Qll)?bc ’ (61)?;&) =

0<x<x1

sup (min {I(QII)(TBCD (61)Z<bc1|: |(911)(D1<bc2: (Gl)gbczl}) =

0<X<1

sup (min {|(S1)goe1, (A1) aber I 1(S1) gbezs (A )apez 1) =

0<x<1
sup Sx((el)(i(bc ’ (%1)?&) = CS‘((Gl)abc i (Q’Il)abc )

0<x<1
and

2

p
(5((913)ch ) (63)abc )>]

< (1,1,1)}
Sup (min {|(62);<bc1: (912)?5c1|: |(62);<bc2: (%)Z‘bczl}) =
Sup T ((GZ)abc ) (uz)abc) - T((Gz)abc ) (%Iz)abc )

0<x<x1
and

T((U3)ape » (B3)ape ) = sup Toc(Uz)gpe » (B3)ape) =

0<x<x1

sup (min {|(QI3);<E,¢1; (Gz)g’fbcﬂ; |(913)z<bc2; (Gg)z})czl}) =

0<x<1

sup (min {|(S3)g5c1, (U3)ever 1 1(S3)tbezr Tsdavez D) =

0<xx1

sup T ((GB)ch ’ (Q’[3)abc) - T((GS)abc ’ (913)abc )

0<xX<1

Therefore 7((A) wpe » (S ape ) =

T((el)abc ’ (Q’[l)abc ):T((Q’Iz)abc ’ (62)abc ) =
T((ez)abc ’ (mz)abc ), T((Q’[3)abc ’ (63)abc ) =
T((el)abc ’ (Q’[l)abc ) .

By proceeding in the same manner, we obtain,

S((Qll)abc ’ (Gl)abc ) = sup Sb(((ml);(bc ’ (61)?&) =

0<xx1

sup (min “(911):&1: (61)Z<bc1|: |(911)Z<bc2: (61);<bc2|}) =

0<x<x1
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sup (min {[(S1)gpe1, A1) gber [ 1(S1)gbezr i gpez D) =

0<x<1

sup Sx((61)z<bc , (911)?1(5() =SS ave » (W) ape )

0<x<1
and

S((UR ape » (€2 e ) = Osuglsx((mz):ﬁ)c , (Gz)sbc) =
<X<

sup (min {[(Az)gc1, (S2)qpe1 | (W2 gpezr (S2)ape2 1) =

0<x<x1

sup (min {[(S2)gpc1, (W2)per | 1(S2)qpezr W) ape2 1) =

0<x<1

sup Sx((S2)gse » (U2ape) = S((S2)ape » (A2)ane )

0<x<1
and

S((U3)gpe » (€3 e ) = Osuglsx((mﬂ?bc , (63)¢§<bc) =
<X<

sup (min {[(A3) g1, (S2)qpe1 1 1 (Wz)gpezs (S3)ape2|}) =

0<x<1

sup (min {[(S3)qpe1, (A3 gver b [(S3)qpezr A3 gpez 1) =

0<x<x1

sup Su((S3)abe » (Uz)goe) = S ((S3)ape » (Us)ape )-

0<x<1

Therefore 5((ml)abc ) (61)ubc ) =
S((el)ubc ) (Q’Il)ubc )"S((Q’[Z)ubc ) (62)abc ) =
S((ez)ubc ) (Q’Iz)ubc )' S((Q’IS)ubc ’ (63)abc ) =

5((61)abc ’ (Qll)abc ) .
Thus, we obtain that,

A, ®)e = inf{(p,p,p) > (0,0,0) :
supp. |© T (U abe ,(S1)abe ) v e T ((U2)abe ,(S2)abe ) v
0, (a;c(([l[;ub(c.(ez,)abc S))] < ) ’ ( P )

(1,1,1) andpsupabc [@1 (w) y
0, (w) Y 0, (M)] <

P
(1,1,1)] =

: T ((S1)abe (A1) abe
1nf{(p, p,p) > (0,0,0) : supg. [@1 (M) Y

0, (T((Gz)ub:):(mz)ubc)) Y 0, (T( (Ga)ab;,(%)abc)S] <

(1’1’1) and Supabc [91 (5((61)ab0(?11)abc)) Y

0, (5((62)@:(%2)@()) Y 0, (5((£3)ab;,(913)abc))] <

LD} = d(S,A)e -

Therefore 4(U,S)g = A(S,A ) .
iiif) assume that p;, p, > 0, then

Supyp [0 (Zee O g, (T(akee e ))

P1 P1
T((?Iz)abc ;(mz)abc )
or7z7abc ) | L
0, (FE2ueCaud)] < (1,1,1),
and
T ((R1) ape V(Gl)abc ) T ((R2) anc r(Gz)ﬂbC )
Supabc [61 ( P2 ) Y 92 ( P2 ) Y
T((m3)abc r(e3)abc )
— =)<
0, ( < )] < (1,1,1).

Suppose that p = p; + p, , using T's definition, we
obtain
T((Q’[l)abc , (61)abc) =

sup Tx((ml)(ﬁ(bc ) (61):;(&) rT((mz)abc ) (62)abc) =

0<x=<x1

sup Tx((mz)gbc ’ (62)?&) 'T((Q[3)abc ’ (3)ubc) =

0<xx1

sup TD(((QIB)(TBC , (63)?&)

0<xX<1
and

Tx((%)ﬁ,c ’ (61);<bc) = min “(911):(5(1 -

(el)lc)((bclll |(Q'[1)Z<bc2 -

(SDabez |} Toc (U gbe » (S2) b)) = min {|(Az)gper —
(&) aver l (W) gz —

(62)?bc2|},7;<((913)z<bc ’ (63)5&)() = min {|(QI3)Z<[)¢1 -
(S3)abet b [(Az)ghez — (S3)gpeal} -

Using T''s definition, we have

T (A1), (6)%) < T (U™, (RD™) +

T ((R1)™, (61)%), To((A2)™, (62)%) <

T (U™, (R)™) +

T((R2)™, (62)7), T (U3)™, (S3)™) <

T ((A3)™, (R3)™) + To((R3)™, (S5)™), ¥V x € (0,1] .
When we take the supremum of <, we obtain

sup T ((U)™, (6)%) < 0suplf w((AD™, (R +

0<xx1

sup 7o ((R)™, (61)), sup T ((U)™, (&)%) <

0xxx1 0<x<x1
sup T (U™, (RD™) +
0sx<1

sup To.((R2)™, (62)%), Sup T((?ls)D< (63)™) =

0sx<1

031:(1317" <(A)™, (5R3)°<)+051D1<p Tu(®R3)™, (63)%).

Moreover,

T((Qll)abc ) (61)abc ) < T((ml)abc , (ml)abc ) +
T((ml)abc ) (61)abc ); T((Q[Z)abc ’ (62)abc ) <
T((le)abc ) (mz)abc ) +

T((mz)abc ) (62)abc ); T((m3)abc ) (63)abc ) <
T((QI3)abc ’ (ERB)abc ) + T((ERB)abc i (GB)abc ) .

Based on @’s continuity, we determine that,

Supabc [@1 (T((Qll)ub;):(el)abc )) Y @2 (T((mz)abc ;(Gz)ahc )) Y

0, (wﬂ p

p
Supabc [@1 (T((ml)abc :(ml)abc) + T((ml)ahc '(Gl)abc )) Y

p1t+p2 p1t+p2
T((mz)qbc -(Gz)ahc )) Y

@2 (T(@Iz)ubc ‘(mz)ubc) +
p1t+p2 p1tp2

@ (T((ms)ubc ‘(‘Rs)ubc) + T((ms)qbc -(63)ahc ))]
3 p1t+p2 p1t+p2

< SUPgpe [@1 [( P1 )(T((ml)ahc:(ml)ahc)) +

p1t+p2 P1

( P2 ) (T((ml)ubc'(el)abc))] v
P1+P2 P2

o) (i

( P2 ) (T((mz)ubc'(ez)qbc ))] Y
p1+p2 P2

0, [( P1 )(T((‘us)abc'(%s)abc)) +
p1tp2 P1

( P2 )(T((ms)ubc.(es)abc))]
p1tp2 P2
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< Sup( o1 )[91 [(T«moabc,(ml)am)]v
p1t+p2 P1

abc

0, [(T(@Iz)abc ()b ))] ve, [(T«mg)abc.(ms)abc))]:

P1 P1

+ sup (p1+p )[@1 [(T((ml)abgz,(el)ubc))] .

abc

0, [((iacCau))y g [(ﬂ(wg)abc.(eg)ab())]' -
z P2 3 P2 ] h

(1,1,1).
Given that p’s are non-negative, then the infimum of
these p’s is introduced by

i T (W) abe (S1)abe )
1nf{(p. p,p) > (0,0,0) : sup [@1 (M) ¥
abe P

0, (T((le)ab:)z(ez)abc )) Y 0, (T((ﬂ3)ab;‘(63)abc ))] <

@)
< il’lf{(pp 91; 91) > (0'010) :

Sy [91 [(%)] v 0, [(W)] v

0, Kw)}] < (1,1,1)}

P1

+ inf{(Pz P2, p2) > (0,0,0) :

Sul;? [@1 [ T((‘ﬁﬂabc (S1)abe) )] vo, [(WH .

0, [(M)]] < (1’1’1)} '

P2
Following the same path, we eventually arrive at

inf {( 0,0,0) > (0,0,0) : sup [91 (s«aloabc,(csl)abc)) y
abc p

0, (s«@lz)abcp ,(ez)abc)) YO, (s((%)abcp v(63)abc))] < (1,1’1)}

< inf {(pl. p1,p1) > (0,0,0) :

oy [91 [(W)] v 0, [(W)] v

0, Kw)” < (1,1,1)}

P1

+ lnf{(pZi pZ’ pZ) > (010’0) :

sup [0, [(M)] Y0, [(M)] v
abc p2 P2

0, [(M)]] < (1,1,1)} .

P2
Then,

inf{(P’ p,p) > (0,0,0) : sup [@1 (W) v
0, (D0} , g (T(Cra0)]
p

p

(1,1,1) and sup [(:)1 Y
abc

0, (s Cusl) y g (L 2] < (1,1,1)

p

<
inf{(pl’pl’pl) > (0,0,0) :

ot [91 [(W)] Y0, [(W)] v

0, [(T((Qla)abc (%)alx))]

(1,1,1),and sup[ [ S((ml)“h‘ F1)abe )] Y

abc

o (), (gt

P1 P1

<

(1:1'1)} + inf{(Pz' P2, p2) > (0,0,0) :
sup [@1 [(CATECARS) P (LCAMIESRS 9

P2
o (1)

<

(1,1,1) and sup [@1 [(w)] y

P2

6, [(L2 )|y g, [T ,<63)abc))]] -

P2 P2

(1,1 1)}.

Therefore 4(U,S)g < A(UA,R)p + A(R, S)e.
Thus,
(£)3(0) is metric space.

Theorem 3.2:
Let (£.,)3(®) be acomplete space under the metric:

d(A,S)e = inf{(p,p,p) > (0,0,0) :
supg |© T (1) abe ,(S1)abe ) v O T ((U2)abe ,(S2)abe ) v
el e

P
(1'1’1), and Supabc [91 (5((9«[1)111:( »(Gl)abc )) Y

P
@ 5((912)qbc '(Gz)ubc ) Y @ 5((”3)(1[): 1(63)111:( ) <
z p 3 p

(LLD}Y A= (A, 0, %;), 6 = (6,,6,,G;) €
(£ (0).

Proof:

Assume that ((R,) %)), ((R,) M)
and ((R3)#*) are Cauchy triple sequence in
()7 (0) 3 (R =
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(®RDEP)”  and )0 =
uts=1

(@®4™)

uts=1

Let € > 0. For a fixed exist x, > 0, choose p > 0 3

[@1 (%) v 0, (‘”‘7‘)) Y 0, (”7")] > (1,1,1) . 3 a positive

integer ny = ny(€) 3

OZ (((ml)(y/ljb)! (ml)(#ed))! ((mZ)(;/bﬁ)f (mZ)(#ed))r) <
((ms)(ﬂﬁ) (R )(#ed)) .

€ €
(%%%) Vj,/bh/fed
Using d's definition, we obtain

inf {(p. p,p) > (0,0,0) :

Gih) (fed)
TR Ridgpe
sup[(Bl(( b et )>Y
abc p

T(@)EP, o)D)
0, - %

T(@%P, o)D)
03 5 <

1,1,1) and sup |© S((ml)gﬁm' (ml)ﬁﬁf“)) \%
p (Y1

and ()0 = (@OEY)"

uts

abc p
o s(@%", @) y
2 p
Fih) (fed)
S((R , (R
93< (G2t p( Date )>] < (1,1,1)} <
(e,5,6),Vii, N F,e,d = ng .. ... ... D,

which leads to

Fih) (fed)
T(R)goe ~» Ridgpe
sup[@)l(( et b )>v
abc P

(@G, oY)

abc abc

z P

(T((m)ﬁﬁ”” , @Y
03

- <L) .. (2) .

Fih) (fed)
S(RDge + R)gpe
sup[@)1<( b e )>Y
abc P

s(@h"” . o)
0, 5

(@)@ (gD
@3( (( 3)abe + (R3)apc ))] <(LLD) .. (3).

P
From (2), we have

jif ed
[91 (T((snl)&’{,c IS ))>Y

d((®y) @) (1) Fed))

T((mz)a‘{,f’” ®@)FeD)
d((R) G (%) (Fed))

(;M/’L) (fed)
T( abc (m3)ubc ) PXo
( d (933)(1’%) (m3)(f€d)) < (1'1'1) < [91 (T) v

() ves (5]

's continuity, we determine that,

(@DEP, @DE?), (GEP, G Ee?),

abc abc abc abc
jih d
(@GP, (@)

PXo P¥o PXo) (& & &) _(EEE
(T'T'T) (pxo'pxo'pxo) - (2'2'2) '
According to the completeness property of R(II),
((iRl)W")) ) ((iRz)(’M)) , ((923)(”/‘)) is convergent in

abc abc abc

R(I), since it is a Cauchy triple sequence in R(I) .
Let lim(3y) " = (R s, ()" =
Vo

abc abc

S

(R )ave lim(Ra) ™ = () Varbig e €N

abc
We must demonstrate that, lirﬁl(ml)(ﬂh) =
pz
ml ) hm(mz)(jih) = mz B llm(§R3)(ﬂ") =
Fih ik
R3,V Ry, Ry, R3 € (£0,)7 (0)

O being a continuous, taking #,¢,d —
oo and fixing #, 4, 4. From (2), we obtain
sup

[ (T((ml)g{fh) > (R1)abe )
0,
abc P

o, (T((Wz)g{fh),(mz)abc )) ve, (T((m)ﬁ{;ﬁ“,(mg)am ))] <

P P
(1,1,1),for some p > 0,V 4,4, = n,
Continuing in the same manner, from (3), we have

sup |:®1 ( ((ml)abc - B (ml)abc )) v

abc

0, ( (@GP R2)ase )) ve, (s((ma)gﬁ“,(m)am )>] <
P P

(1,1,1),for some p > 0,V 4,4, 4 = n,

Now, taking the infimum for p's, from (1), we obtain
(Fih)

7((® , (R1)ave
lnf{(p, p' p) > (0'0’0) . Sup [@1< (( 1)ahc ( 1) b )) v
abc

p

@2 (T((mz)gﬁh) , (R2)abe )) v @3 (T((%)Eﬁl;) , (R3)abc ))] <

p

()i » R aoe
(1,1,1),and sup [@1 (M v

abc

Gih)
@2( (o)™ : . R2)ase )) ve, (s((ma)ach ,(ma)ahc)>] <

P
(11 1)} < (g,¢¢€),V 4,4, 4 = ny,
which tends to
4 ((@)FD,R,), (B4, R,), (R4, %)) <
(8,58, Vi z2ny= llm(ERl)(”")
R, ,l}jﬁr}g(ﬁ{z)(ﬂﬁ) = mz,lﬁg(ms)(} ) = =R;

Now, It prove that R;, R,, R3 € (£)3 (0) .
Taking into account that,

(Z((ml ,O)r (mz !0)' (m3 ’0))@) <
4 (B, R)GD), (R;, (B)0D), (R, (R)FD)) +
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d_(((ml)(}M) 0), ((R)FM,0), (R, 0))@ <
(e,8,8) +(01,02,03),V 7,4, 4 = no(e) ,

We conclude that Z((®, ,0), (R, ,0), (R, ,0))@ is finite.

Therefore Ry, Ry, R € (L) (0).
Thus,
(L) (©) is complete .

Theorem3.3:
()3 (0) is solid.
Proof:
Suppose that (Myp.) € (£4)3 (0). Then we have

0, (T((%S)ahuﬁ))] < o and supg,, [@1 (5((93?1)(173(‘6)) Y

0 o P
0, (S(szz)ubcno)) ve, (w)] < oo, for some

p > 0.
Suppose (t,5.) is a sequence of fuzzy numbers with,

[dé(ml)ubc ’ 6)]r>< = [Tx((ml):bc ’ 0) ’ Sx((gﬁl);(bc , 0)]
an

[dé(gﬁz)ubc ’ 6)]r>< = [Tx((mz)?bc ’ 0) ’ Sx((gﬁz);(bc , 0)]
an

[d((mS)ubc 4 6)]% -

[TD(((Enl)Z(hc 4 0) 'Slx((snl)?hc 4 0)] ’ V0<Kx < 1
Such that ,

T[((ml)ubc_' 6)] < T[((ﬂﬁl)c@c 4 6)] and
T[(mz)abc ’ 9]’ < T[(ﬂnz)ahc ’ 9] and

T[(m3)abc ) 0], < T[(wt3)abc ) 0]

and

5[((m1)ahc '_(_))] < 5[((%1)@_( ’ 6)] and
5[(m2)ahc ) 0]’ < 5[(%2)ahc ’ 0] and

5[(m3)ahc ) 6]' < 5[(%3)ahc ’ (_)]

Since 0 is a continuous and not diminishing, we get, for

some p >0, )
[91 (T((ﬂh;ubc ) Y 0, (T((‘J?z;abc ,0)) v

0. (@ O\ < 0 T ((M1)qpc, 0) v
92 ET((sz)abc.O))% ; @[)3 1(5((5%);:,0))])
p p ’

and -
[(5)1 (5((m13abc ,U)) Y0, (5((m23abc‘0)) y

0, (5((9132@: .5))] < [91 (5((5m12)ubcvﬁ)) v

0, (5((51132)@(,5)) Y 0, (5((511?3)@(.5))] _
In additio‘r)n ’

Sal;cp [91 (T((m_l’zabc .5)) v 0, (T((Wz;abc '6))_\(
0, (T((ﬂ?asabc ,0))] < sup [91 (T((imlz)abuo)) v

0, (M) Y 0, (M)] < oo, for some

p>0.

sup [9 (5((%)@: ) Y0, (5((Wz)ahc ,0)) v
abc p p

0, (5((m3;abc .5))] < S;;P [91 (5((93?1‘);1:“5)) v

o, (s((smzlabc,o)) ve, (5(("‘“3205“0))] < oo, for some

p>0.
Moreover , we have

Sup [9 (T((ml)uhc ) Y @ (T((mz)abc 10)) Y
abc p P

0, (T((m3‘:ubc .5))] < ooand T{f}) [01 (5((m1;ahc ,5)) v

0, (5((mzsuhc ) Y 0, (5((m33abc ,5))] < oo,

Therefore (M) € (£6)3 (0) .
Thus ,
(£,)3 (0) is solid .

Theorem 3.4:
(£0)3 (®) is symmetric.
Proof:

Assume (Myp) € (£6)3 (0) and (Ny,) is a
reorganized of (Mypc) 3 Mope = Napny, ¥V 0, b, c EN.
Then, we have
T (@) g 0): (O gongs - 00, (@5 . 0)) =
T(((ml)abc ) 6): ((mz)abc ’ 6)' ((mzz)abc ’ 6)):
and
§ (s 0), (O 0), (g 0)) =

S(((gﬁl)abc ’ (_)): ((m'tz)abc ) 6)! ((gRZ)abc ) 6)) .
Based on @’s continuity, we determine that,

sup [@1 (_T((ml)‘:’"ubc '6).> Y 0, (T—((%)qm“bc '6)> \%

abc p

o (1)

(L )
abc P

0, (msnezp)abc ,6)) v o, (T((smym 0>)] for some p > 0,

and

SUPgpe [61 (%) 0, (M) Y
0, (M)] _

P

0, (M)] for some p > 0.
This means that ,

Sup |:®1 < ((ml)qp“ubc )) @2 ( ((mz)qpnabc ,6)) Y
abc P p

93 (T((m3)‘::’“ubc 6))] <

R aonr 0
(00, 0, ) and sup [@1 <w> v

abc p
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< (00' OO' OO),

0, (M) Yo, (M)

for some p > 0.
Therefore (M) € (£0)3 (O).
Thus,

(£5)3 (©) is symmetric .
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