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The spaces of 2-normed and quasi 2-normed have been called to achieve the purpose of this article. Here,
a novel mappings class is presented as non-expansive in quasi2-normed spaces. The properties of
mappings class are elaborated in this study. The results of fixed point mappings are proved.

1. INTRODUCTION

Gdbhler (see, [1]) constructed the concepts of two
(normed and Banach) spaces theories. These concepts are
derived from the idea of area in 2-dimensional Euclidean
space [2-3]. The theory of fixed point is crucial subject in
developing functional investigation. Besides, it’s utilized
significantly in several branches sciences. So have
subsequently been studied by many mathematicians in these
spaces. Recently, Rumlawang [4] derived a norm from the
2-norm to demonstrate the theory of fixed point which is
provided studying approach and the sequences of Cauchy,
as well as, the contractional of mappings in the spaces of 2-
normed. Anjum and Abbas [5] proved partially the theorems
of fixed point as extending the outcomes by Berinde and
Pacurar [6] in terms of 2-norm spaces. Harikrishnan and
al.et [7] presented the two kind convergence (strong and
weak) in 2-probabilistic normed spaces to be strongly or
weakly bounded. The branch of fixed point theory includes
a wide area of work that can be studied in current spaces as
in [8-9] and its references. In this paper, some requirements
are presented to prove fixed point results in quasi 2-normed
spaces.

Definition 1.1: [1] assume H is dimension in a real linear space

>1and " .":Hx H — R satisfying the following:—
(2N,)lln,m| =0 n and m are linearly dependent in #

*Corresponding Author Institutional Email:
mena.fouad@uomustansiriyah.edu.ig (Meena Fouad Abduljabbar)

(2N2) ”n,m”: ||m,n||, foralln,m € H

(2N,) lln, @m| =lal |n,m| for every real number o
(2n,) I+ m.a|| <|ln.2|| + ||m. 7| for alln,m,we H
Then the twosome ( I, || ||) is named 2-norm linear
space.

Herein, a 2— norm ||n m” is good enough

||m+ a n,n":"m,n" forall n, m € H and all scalars a

Example 1.2 : [2] Let W =R 3. Define

||n.,m“ =max{|n] J?lz - nzml |m3_”3ml" |?12m3 - n3m2

_ — 3
where n= ny, Ry, Mo, m= ml,mz,mS) eR-.

|

b
Then ||, m|| is 2-norm on B3

Example 1.3 : [2] Let P =the polynomials of # to the
value < n,on a range of [0, 1]. As known, P is a linear
space. Let {nl,nz, ......... nzk} be a dependent in fixed

points of [0,1] and the P represented by 2-normd in
li.gll= 2 ¥ |a(n) 8 (n) = (m) 8(n)| = (P, Breel)is
a 2-normed space (see[1] ).

Park [9] presented the idea of space in the quasi with 2-
norm as the following
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Definition 1.4: [10] A function onH x H — R is a quasi — ) — 7
Z—e r:g:rrllg(r:il if satisfies conditions (2N1) ,Fz Nz) ( 2N3) |J( i) M (1, ) J ( u 0) M( uiO) |

of definition(1.1) and the conditions(2N4) :3 K> 1 such W u\M Iy l<i<4
=min u u 1
tat el <k o]+ & o] for a { ( )M (1)) =9 () M) | J
nmweH andk>
The couple of ( #,|.,.|) is defined by quasi two— norm Then (P,
space (shortly g ,— normed space). At last, let us show that (P ,, HJ M") defined as above, is
The g2-normed ﬂ , " represent the quasi- ( 2;p) - normed not a 2-normed space.
The collection of all 2-normed spaces are subclass of q,- L ider th iy 11 d
normed spaces (for k=1) | et us consider the case u | = ,uz_z,uS_g an
(O<p ) if ||n+m.,w||f’ < ||n,w||i’ +||m,w||"foralln,m.we H. i, =0= ForJ=u, g=M2
n the next paragraph we r,ecall (with details) examples of AndL=(u—1), wehave
the g,-norm spaces aren’t the 2- norm spaces. Mt N M+
Example L15: [3] let H=R3 and |70 ) M+ L) () =T () (M+L) (u))]
u=ui+u,j+uk v=vitv,j+vk eR*.
Define = |20— 2.1 | =2
Huﬁﬂ=khhowd+1—um+lvmy+ |7y (ML) () = T () (M4 L) ()]
5 5
Z% uw.v, —Uu, V.| — . (-D-1. —|=—
i#igl i+1 i+1 i 4 4 b}
Where () (M+L) () =T () (M+ L) (u3)|=
|u. Voo +1- um+vi0|: E _i_z 226_622
| l1<i<3 9o \ 3) 3 9| 27 9
min{|u. v — u. V.| 1 . N
{ i+l i+1 it ="= (u4)(M+L) (u4)—.7(u4)(M+L)(u4)|=
w,=u, ,v,=v andk>l.Then(R3,"u,v")isaqz- -
S ed soaces l1.(=2)-0. 2|=2
normed spaces . (=2)-0. 2|=
Is not a 2-normed space. And s 2 125
Foru=(0,1,— 1):v=(0,1,2) andw=(1,0,0) we
have 7, M+ L|=k.2+ Tt k2

e, v+ wl=[co.1, = 1), (1,2, 1) |2k 1+ 3+ 1=k + 4
lavl= (0. 1, = 1), (0,2,1) [=k.0+ 3+ 0=3 Also,wehave

leowl=[c0. 1, = ). (1,0,0) =1+ k.0+ 1=2 |J u M(”1)_J(”1)M(”1)|
And ”u,v+ w||=k+ 4>”u,v"+”u,w”=3+ 2=5. | |

In this case the (2N,) will not complete the satisfaction. 20-2. 1=

Accordlngi{ at each k> 1, the g-norm spaces |J M ( ) —-J ( )M( ”2) |=

B3, |u.v]) will not able represent the space of two-norm.

Example 1.6: [3] suppose P, refer to the two degree of real 5 1 1 3
multinomial, b the range of [0,1] Bearing in mind the 4 ( ) - 2
adding and vector multiplication, P, represent the vector 7 M _r M

e ()M (uz) = I (us) (“3)|
space linearly. Suppose that {u U U s, u4} is fixed
10 4 2 4] 48 16

points in the interval of [0,1}. Described by the gz-normed =sl—|-—|]- —. —|=—=—
on P, in the following 9 3 391 2719

"J’M”=k|f(”f0)M\(”iO) _f\(”io)M( ”m) |+ |_]( u4)M\( u4) - j‘( 1,,4)1\/1(,—,,4) |=
Z;fu J(ui)M\(ui) —_]‘(ui)M(lli) |, |1‘( _2)-0. 1|=2
16

Where And ||l7, M| =k . 0 + %+ -

o

5
18

Also, we have
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|J(MI)M‘(u|) -J‘(ul)M(ul)|
=|20-2.1]=2

‘J(HZ)M\(MZ) _J‘(uz)M(uz) |=‘% .0—1. 1‘:1

: . |10 2 | 2-
|.l(u3)M (3) = () M(w3)|=| 0= T 1|=7
AN M ) = s =11 0— 0. 1=0
|7.L]|=2+ 1+ 2 1.0 = 2L . From the above results, we

3 3
get :
125 95 11 16l
lrm+i|=k2 + — >|rm|+|r.L]==+ —=—.
18 18 3 18

Therefore, for every k> 1, the g>— normed space (
P, ||J,M||) is not a 2-normed space.

Definition 1.7: [11] A succession {7 } within the g-

norm space { H , | . |) can be a Cauchy sequence if

lim N N w” =0 foreach w instead of H.
m,n— 0O

Definition 1.8: [11] An order of {t”} into the g>— norm

space ( I, || ||) can be similar if # point is included in
Hsuch that lim|r, — 7. w| =0 for allwinA .
n— oo

Consideing {t”} is similar to s , we write {tn} —1 as
n — 0o,
Definition 1.9: [11] Considering each Cauchy sequence is
approching the element H . Then the space with linear g.—
norm ( H , || ||) can be completed.
Definition 1.10_: [11] A completed g2 with respect to it’s
norm space can be defined as Qgz-vector space (Banach).
Definition 1.11: Mapping 7:H — H be a suppose where
(H, || ||) is a g2— normed space. For all 7€ H, let
O(h) ={h,Th,T?h, ...} can represent the orbit of Tat
h.(H, H H) is defiend by 7-orbitally complete in only
the case of each Cauchy sequence is enclosed by O( k)
collect to the H point.
Roshan elat. [12] proved some lemmas about sequences in a
general metric space, here, we reform and prove in g
normed space .

Lemma 1.12: Permit ( H, " . |) be a g— normed
including the constant k> 1 and {hu} is the

approximated sequence
in Hwith lim hLl —h. Thenforallue H

Uu—0oo

s=Hn—w. 1| < tim inf |, w7
i — 00
< lim sup "hH— w,T”g s”h— W,T"

H— o0

Proof : It is clear by definitions of limit and
gz2-normed function .

From lemma(1.12), it
{hu} C H is a sequence such that

follows that if

lim hu —h forsome he H, then lim ||h"—h,T|| =0.
oo

u— oo n—

Lemma 1.13: Let {H } bca sequence in a -

normed (H, |||) such that
tim |[n, =4, ,.7]|=0
u—o0

If {hn} isn’t the sequence of Cauchy, so the existence
ofe >0 and the 2-sequences {m( k) } and {n( k) } of

positive numbers as following
e < lim inf "hm(k) —hn{k),,T”
k— oo
< 1hm sup ”hm( o hn(k) , T” < se,
< — 00
€ ..
? < lim inf "hm(k) - hn(k) N l,TH
k — o0
; _ 2
< lim sup "hm(k) hn(k)+1’T|| < s%E,

k— o0
S . . ~
~ < lim inf ||h

s o m(k)+|_hn(k)’T||

h ,T" <sle,

< lim sup ”hm(k)+1_ (k)
o0

k—

£ < lim inf ”h

d
52 k— o

m(k)+l_hn(k)+l’

< lim sup ||h

h T" <sde .
k— oo

m(k)+1 n(k)+ D

Proof. If{hn} isn’t classified as a Cauchy sequence, so

the presence of
£ >0and the sequences {m(k) }and {n(k) }of
positive numbers as following

n(k) >m(k) >k, ||h

m(k) _hn(k)—l’T”

<e, ”hm(k) - hn(k),’T"Z e

for all positive integers k. Now, using the triangle
inequality we have



2024 Volume 1, Issues4 PSIJK 46 - 52

e< "hm(k) —hn(k)’,T" <s
[|hm(k)_hn(k) 1’T||+||hn(k) l’hn(k)’TH]
<s& + sth(k) _ l,hn(k),T” .

Taking the upper and lower limits as

k—oo, e < lim inf"hm(k),hn(k)sT"

k— 00

< lim ¢ < se.
< khm s*up"hm(k),hn(k),T"_ se
Using the triangle inequality again we have
AL WA B
["hm(k) s 1’T||+ | B 417 Py T”]

2 _ _
s [|hm(k) h k)’T||+| a1, k)’T"]
+S||hn(k)+l ;(k)’Tu

Taking the upper and lower limits as & — 00,

we have

e<s lim sup”hm(k) - hn( T T"
k— o0

<s’,

Or, equivalently,

;< s lim sup"h _hn(k)+]’T||

k—oo

< sl .
Definition 1.14 . Assume ¢ : [O, o0) — [O, o0) can
be distance function as subadditive variation if
0] @ is the variation of distance function (i.e., ¢ is
continuous, strictly growing and g ( t) =0 if
and only if r =0) ,
(i) p(u+m) < @e(u) + p(m)
VY u,me
[0. o0

As mentioned in [12] , ¢ 1( u) =ku for some
7
k> l,qoz( ) =/u ,
and

n€EN,p,(u) =log(l+u), u>0
@, (u) =tan~ lu

are some examples of sub

— additive altering distance functions

Definition 1.15: suppose that ( H, ||...|) is the g
norm space. The replacement of T:H — H can relativly
be not scalable mapping on H if positive real number is
presented p<l1 as in the following

w,v € H, s9¢( ||TM— TVvT”)

pOQCu,v) + ¢( uu—v T”)
For som > 5, where
O(u,v) = |(p( ||1u— v, J_'||) —@( ”u— Ty, ﬁl) |

or ¢( "u —Tu, T”) + ¢( ||v— Tv, T”)
Example 1.16: From the definition, each not extensive
mapping on a gz-normed space { H, |f., ||) is nearly
not extensive mapping.
Consider g,-normed space and C € H, if CC H, for all
u € C and h €T, the range of constant points of T.
Relatively nonexpansive representing with

O(u,v) =

loclze—v.7l) = o flu—1v.7]) |
is a quasi — nonexpansive mapping. For,it i€ T then
o(||Tu—n. 7))

< saq( ||7u— 78, 7))
<plocre=n1l) = o107 ) |
+ @(|lu—n, 7]

=plo(|ru—=1h,7) = o |Jlu— TR T|)) )
+o(|u=n1|), if |70—8.7|>
lu—1h. 1] plocllu—Th7]) —0(|Tu=n.7]))
+ol|u=n1|y, ir |70=n71|>]u-181],
Acoordingly, in each of those conditions, the we got
o(|Tu-1n.7|) <9 (JJu=r.T]).

that s, [|Tu— f, T|| < [lu= 1. 7||. However, with
O (u,m)= m—Tm, I”) ), May
be the relatively non-expansive mapping is not a g-non-
expansive mapping.

Theorem 1.17 : Let (H, " . |) beT- orbitally
complete g~ normed with &k =1o0rk > 2 and
T :H — H be an almost nonexpansive mapping with

<K "n,w" + K ||m,w||
Forsomeg> 5and 0<p <1 with kp<l. If Tis
asymptotically regular ath0 € H, then T has afixed

point .
Proof : Since T is is asymptotically regularatk, € H

0
, T”“hO,T" =0

n

T — 7T w"
m

we have [im ||T”h0

n— 00
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Firstly, we prove that {4 } C H defined by 2 =T"h
represent Cauchy chain where, each £ >0 one able to find
k € WwithinV h > k ||ht ,hg,T” <e.

Otherwise, Lemma (1.13) existence of & >0 where the the
subsequence was able to be founded {H (0 } and

(H, )} of tH Ywith h(i) >f (i) =i and

(a) f(i) =2t andh(i) =

2t + 1, where t and t are nonnegative integer,

(b) p(Hj.(I.),Hh(i) ) > ¢, and
It’s the lowest number in this case (b) (¢) k(i) .

believesisthat,p(Hm),Hg(i)_l ) <e€

Hence by continuousness, sub— uniformity, and rising the
characteristics of ¢ we got

— OO

p(e) < (.lim S”Pk”hr(i) B g(z)’T")
[

<S¢(¢),

ple) < Se¢(e),

p(€) .
s oo g, = )

< S2%p(e),

v(&) i k|1 T
= ‘/’(_’”" sup " Wy +1" ety ")
1

s — o0
29 (e),

@(€)

: <:¢(T1nmk"muﬂl——hﬂn+mi
<S3p(e).
From (1.15), we have,
s4 (’o(k"hz(')Jrl - hf;'(i)+1’T||
<k|"’ Iy = gy T” "hz(n - hg(i)+l’T||)|

o (P = Mo “)
Taking the upper limitas i — oo , we get

S9 ( lim sup ||hf(i) 1T M +'I’T||)

@ ()
Y

<p|S?p(e) -

+

sp(e) <25%¢ (e) ,
Or,

(hm sup ”h mei) + 1 _hh(i)-"l’T”)

= o0
2¢ (¢€) 29 (¢€)
gq—2 PE

Since q > 5, contradicting for k > 2. We note here
that if k =1, then T is approximately unvarying at
h0 € H indicates {hn} represent Cauchy sequence,

that simply observed. So {g“ ho} is also Cauchy

sequence and subsequently ( H, || .
orbital, and itexistsh€ H forexample lim g™h, =Z.

h—co

Now, applying (1.15)
p(lz—gz.T|h < S(p( ”h - g"*'h, T”)
+ steg ( ‘ g

< sq)( ”h —g"t! b T”) +

nt1 h,— gh ,h")

o =57 iy 7]) = o

gh Izo— gh,T”) |

+o ( |g” hy—h, 1|D
Considering this limits n — oo, by lemma (1.13)
The outcomes, ( 1 —sp) ¢ { ||h — gh, T||) <0,

Hence, @ ¢ |n= g, 1]y =0 or |n—gh.7]
ie., gh =h,
as required.

Remark 1.18: In theorem (1.17), T got an exclusive
constant point in case of ( H, || , ||) isn’t a quasi-2-
normed (i.e,k # 1 ). Where, if w € Y isalso a fixed point
of T,

Therefore, from (1.15

il er 1% p (= w. 7]~ = w. 7
T

Which implies (h—w,T)
claimed.

=0 (since k>2),as

Corollary 1.19: A nonexpansive mapping on a ¢a—
normed ( H, " ||) got a fixed point in case of
asymptotically unvarying at any point of H .
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Proof. The proof is followed based on Theorem (1.17) by
considering ¢ employing the identified mapping
p=0andk=1.

Theorem 1.20: Let ( H, |||) be a complete g
normed and 7 :H — H be a mapping such that for all
u,meH, sigp( "Tu — Tm,T")

<p {olu=1u. 7] + @(|m—Tm, 7)) }

+ @ ||u— m,T") ,

In few non-negative real number p <1 with kp <1 and
q=3.
In case of T is representing asymptotically stable at a point
i of H, then T have a fixed point.

Proof. as Tis approximately  stable at
u, € H, lim ”T”uo— T+ u,, T||=0 .
— OO0

Thus the sequence {u,,} defined by u  =7"u,, n€ Wis
a Cauchy sequence as proven in Theorem (1.17). As
(H, || ||) is integral, so it exists 4 € [

For example
lim u, =h.
n—0o0

Herein, meanwhile ¢ is sub-additive and sub-identical
varying distance function and
g 25 ¢(|n-10.17])

SS(/J( h—T”"’luo,T) +

sq ( Tn+ 1u0— Th,T”)

< S(/J( ||h— TRt luo, T +

S——

sig | T+ lu — Th, TD .
In the above expression, we get,
o (|n=10,7])

<sop ”h — Ty T”)

+ {o(|

+ rp( | T”uo— h, T”) .

T - Tr+ 1”0’ TlD + @( "h— Th, T”) }

Considering the range of # — ©© and utilizing Lemma
(1.13), the result, ( L—sp) o ( |n—Th.T]) <0,
That demonstrates Th =#, as required.
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