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Various applications of domination and recent work on different forms of domination in graphs
have given rise to our interest in exploring in this paper new special type of graph domination. As
most papers discussed domination focus more on setting the conditions for the dominant group to
come up with a new concept of domination, this pape introduces the new parameter of domination
in graph called even sum edge domination set (ESEDS). Many of properties of these numbers are
being discussed. Furthermore, for the path and related to it as thorn, thorn path, and thorn rod path
are presented. Also, the algorithm of even sum edge domination of path is introduced.

1. INTRODUCTION
The domination graph is very important number

in variant fields in sciences and many applications in real
life as in physics, chemistry, biology, engineering,
medicine and others. This concept is first appeared in
1962 by Berge [1] and then this concept is used to find
solution to many problems in various sciences. The new
concept of even sum domination set on vertices was
defined by Rasheed and Omran [2]. They have studied
many properties of this concept on certain graphs [3].
The concept of domination graph deals with different
fields in mathematics such as labeled graph [4],
topological graph [5-8], fuzzy graph [10,11], and general
graph [9] and [12,13]. This work deals with the
undirected finite simple graph. The edge even sum
domination introduces and discusses many properties of
this new concept. Many theorems, properties, corollary
are proved. For path and related path as thorn path and
thorn rod path the even edge domination is determined.
Additionally. The algorithm of even sum

edge domination is calculated. More details about
the concepts in graph theory can be found in [6,7].
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2. BASIC DEFINITIONS

Definition .1: The edge degree d(e) of the edge
e =uv is defined as the number of neighbors (a
common vertex with the edge e) of e, i.e., |[N(u) +
N(v) — 2|. Definition .2: Let (V, E) be a graph that has
no isolated vertex and F is a set of edges, the set F is
called an edge dominating set (EDS) if, for each e; €
E —F there is an edge e; € F adjacent to e; (every
edge not in F adjacent to at least one edge in
F).Definition .3: Let (V,E) be a graph that has no
isolated vertex and F is an EDS, the set F is called even
sum edge domination set (ESEDS) if for every e; € E —
F there is an edge e; € Fadjacent to e; such that
deg(e;) + deg(ej) is even.
Definition .4: Let D be an ESEDS in a graph, if the set D
has no proper ESEDS, then this set is called minimal
ESEDS (MESDS). Furthermore, the even sum
domination number is the minimum cardinality of all
MESEDS, and denoted by y,.(G).

If D is an MESEDS that has the minimum cardinality,
then D is called y,-set.

Observation: Assume that G is a graph with n vertices
and D is a y,s —set, then

1) Each K, component in graph G belongs to every
ESEDS.

Ahmed A. Omran, lhsan M. Rasheed, Sarah Ahmed Obaid, Roaa Hatem Talib, Even Sum Edge Domination in Graph, Pure Sciences

International Journal of Kerbala, Vol. 1 No. 4, (2024) 59-63



mailto:ihsanmrasheed@uokerbala.edu.iq

2024 Volume 1, Issues 4 PSIJK 59-63

2) Every edge e; in the set V — D has an even (odd)
degree is adjacent to at least one edge e; in D that has an
even (odd) degree.

3) An edge has an odd (even) degree that belongs to
every ESEDS, if it is not adjacent to edge has odd
(even) degree.

4) ves(G) < v'(G).

2.Casel:n=2o0r3;

3. ESEDS: = {e,} ;

4.Case2:n = 4;

5.ESEDS:={eq, e, };

6.Fori:= 3 to n—1 step2,do;

7. ESEDS: = ESEDS U {e;};

8. end for; Output: ESDS Proposition .3: Let G be a
thorn path P, . Then

3. THE MAIN RESULTS

Proposition .1: Let G be a regular graph, then
Yes(G) =y'(G).
Proof. Let G be a regular graph, so the degree of all
vertices is equal say r. Thus, the degree of all edges is

(2r — 2).So, there are two cases: one of them (2r —
2 = 0), therefore G = K, otherwise (2r — 2) is even.

Thus, y.5(G) = y'(G).

Yés(Pn,r,s) =
(n+[5].
i 2+ [nT_L}],ifs and r are odd or s is even and r is odd ;

nt 5

if sisodd and ris even]

if sand r are evenJ

Remark .2: The converse of the previous proposition is (

not necessarily true. For example, take the star graph
(Ss) where Sy = K 5.

Corollary 3.

1) ves () = v' () = [3].

2) ves(C) = v'(C) = 3]

Proposition. 2: Let G be a path of order n;n = 2, so

1, ifn=23
Ves(Po) = {2 + ["7‘3] ifn> 4}'

Proof. The proof is treated separately for two cases.

Case 1. If n = 2, then P, = K, thus y,.(P,) = 1. Also,
if n = 3, then there are only two disjoint edges each of
them of degree 3, 50 y,s(P;) = 1.

Case 2. If n > 4, then the degree of each pendant edge
is 1 and not adjacent to an edge of odd degree. Thus, by
Observation 5, these edges belong to every ESEDS.
These two edges do not dominate to adjacent edges
since these have an odd degree and the adjacent have an
even degree. All remained edges have even degree, so
all three consecutive edges can be dominated by one
edge. The three consecutive edges are covering four

vertices thus, ,s(B,) = 2 + ["3;3 .
From the cases above, the result is obtained.
Algorithm .1: ESEDS-PATH (G is a path of order n)

Input: the vertex set V = {v;,v,,...,v,}, vyand v, are
the pendant vertices
1. ESEDS: = @;

Proof. The proof is treated separately for three cases.

Case 1. If sisodd and ris even, then all terminal
edges in the thorn graph have an odd degree and all
edges of the path graph (non-terminal edges in the thorn
graph) have an even degree (as an example, see Figure
1). Thus, the terminal edges do not dominate the non-
terminal edges, so take one edge from each terminal that
is adjacent to a vertex (say v)in the path of order n. This
edge dominates all edges which are adjacent to the
vertex v and do not belong to the path graph. Therefore,
the number of these edges is n. The remained edges, that
are not adjacent by these edges, are the edges of the path
graph. Now, all edges in the thorn graph that belong to
the path graph have an even degree. Accordingly, all
three consecutive edges can be dominated by one edge.
Thus, the minimum number of edges that dominates the

edges of the path graph is E] Therefore, y5(Pors) =

e

Figure 1. The thorn graph Py ; 3

Case 2. If s and r are odd, then all terminal edges in
the thorn graph that are adjacent to the pendants vertices
of the path graph have odd degree in addition to the
pendants vertices of path. Thus, the pendant vertices
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must belong to the minimum ESEDS. These two
vertices dominate the terminal edges in the thorn graph
that adjacent to it (as an example, see Figure 2).

Figure 2. The thorn graph P 3 3
All remained edges of the thorn graph have even degree,
so the set D, = {e3+2k,k = 01[”7_4} where all
these edges belong to the path graph (as an example, see
Figure 2). The set D; is the minimum ESEDS of the
remain vertex that not dominate by the edges e, and e,

and the number vertices of the set D, is ["T_Z] Thus,
, -4

%H(F%Jﬁ) = 2'+[2;4-

Case 3. If sis even and r is odd, then all edges in the

thorn graph have even degree (as an example, see
Figure 1).

Figure 3. The thorn graph Pq 5 »

The pendant edges of the path graph (as an example,
e, and eg in the Figure 3) must belong to the minimum
ESEDS to dominate the terminal edges that adjacent to
it. In same technique in previous case the set D, is
minimum ESEDS to other edges in the thorn graph.

Thus, ]/e’S(Pn,r,S) =2+ [nT_‘L]

Case 4. If s and r are even, the terminal edges in the
thorn graph that adjacent to the pendant vertices in the
path graph have even degree and the pendant vertices of
the path have odd degree, thus one edge from the
terminal edges must be taken in the minimum ESEDS
(as an example, see the Figure 4).

Figure 4. The thorn graph Py 5 ,

This edge dominates all other terminal edges that
adjacent to it. The same technique used in the other
terminal, sine for each vertex in the path graph, all
terminal edges that adjacent to it have odd degree. Also,
the edges of path graph except the pendant have even
graph. Thus, again one edge from the terminal edges of
a vertex in the path graph must be taken in the minimum
ESEDS. The remained vertices which no dominate by
the select previous edges are the vertices of path graph
except the terminal edges. Therefore, the minimum
number of edges that dominate the remained edges is

n-2 ' n-2

[*57] hs, vee(Pure) =+ 5]

From the cases above, the result is obtained.
Proposition .4: Let G be a thorn rod path B, ,,,. Then

1, if n=2and miseven
3, if n=2and mis odd

Ve’s(Pn,m) =3y4+ [%3 ,if n>2and mis even (-
k2 + [nT_l],ifn > 2andmiseven}
Proof. The proof is treated separately for four cases.

Case 1. If n =2 and m is even, then all edges of the
thorn rod graph are even degree, so the edge of path
dominates all other edges. Thus, yus(Py,,) = 1.

Case 2. If n =2 and m is odd, then all terminal edges
of the thorn rod graph have odd degree and the edge of
path has even degree. Thus, one of terminal edges must
be taken in the minimum ESEDS from each side of the
path. Also, the edge of P, must be taken according to
observation 5. Thus, yus(Pym) = 3.

Case 3. If n > 2 and m is even, then all terminal edge
of the thorn rod path graph has even degree. In addition,
the pendant edges of the path graph have odd degree.
Finally, the other edges of path graph have even degree
(as an example, see the Figure 5).

Figure 5. The thorn rod graph P, ,

In each side of the path, one each must be taken to add
to the minimum ESEDS to dominate all terminal edges
in the thorn rod path graph. Also, the terminal edges of
the path graph (as an example, e, and eg in the Figure 5)
must be taken in the minimum ESEDS, according to
Observation 5. The remained edges which are not
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dominated by the four vertices are {e,,es,...,e,_1} Of
the path graph. All these edges have even degree, so all
edges in thorn graph that belong to the path graph have
even degree. Therefore, all three consecutive edges can

be dominated by one edge and ygs(Pym) = 4 + ["7_3]

Case 4. If n > 2 and m is odd, then all terminal edge
of the thorn rod path graph has odd degree. In addition,
all the edges of the path graph have even degree (as an
example, see Figure 6).

Figure 6. The thorn rod graph P, 3
In each side of the path, each one must be taken to add
to the minimum ESEDS to dominate all terminal edges
in the thorn rod path graph. The remained edges not
dominated by the two vertices are {e,, e,, ..., e,} of the
path graph. All these edges have even degree, so all
edges in thorn graph that belong to the path graph have
even degree. Therefore, all three consecutive edges can

be dominated by one edge and ygs(Pym) = 2 + [’%1]
From the cases above, the result is obtained.

3. APPLICATIONS

In this paper, many applications are stated to
domination. As in the case of the main subject
applications, this subject has specialized applications
such as its use in inspection of two types or any
application that requires two classes of work. To obtain
an even number from adding two numbers, they are
either both even or both odd. Domination in graphs has
applications to several fields like school bus routing,
computer communication networks, locating radar
stations problem, nuclear power plants problem,
modeling  biological networks, modeling social
networks, facility location problems, and coding theory.
For more details about the applications in domination
the reader can see [14].

4. CONCLUSIONS

Throughout this paper a new definition of
domination in graphs is introduced which is called even
sum domination. The results obtained in this study
depended on the edge set.
For the edge set many properties and bounded are
determined. For some certain graphs such as path,
thorn, and thorn rod, this number is calculated with
giving an algorithm for path. In future we extend this
work with algorithms to calculate this number for more
certain graphs.
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